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A NOTE ON INTEGRAL SATAKE ISOMORPHISMS
XINWEN ZHU
Abstract. We formulate a Satake isomorphism for the integral spherical Hecke algebra of an
unramified p-adic group G and generalize the formulation to give a description of the Hecke algebra
HG(V ) of weight V , where V is a lattice in an irreducible algebraic representation of G.
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In this note, we formulate a canonical integral Satake isomorphism, by identifying the integral
spherical Hecke algebra HG of an unramified p-adic group G with a Z-algebra associated to an affine
monoid VGˆ,ρad of the Langlands dual group Gˆ. The precise statement can be found in Proposition
5. There are two motivations. First, the usual Satake isomorphism depends on a choice of q1/2
and therefore only gives a description of HG ⊗ Z[q±1/2] in terms of the dual group Gˆ (e.g. see
[Gr96]). Using Deligne’s modification of the Langlands dual group (e.g. see [BG11]), one can
formulate a canonical Satake isomorphism for HG⊗Z[p−1]. On the other hand, there is the mod p
Satake isomorphism, as discussed in [He11, HV15]. However, the Langland duality does not appear
explicitly in these works. Therefore, it is desirable to extend the classical Satake isomorphism to
Z, which after mod p recovers the mod p Satake isomorphism. Another motivation comes from the
recent work of R. Cass ([Ca19]) on the geometric Satake equivalence for perverse Fp-sheaves on
the affine Grassmannian. In his work, what controls the tensor category is not the Langlands dual
group, but some affine monoid MG. I hope VGˆ,ρad and MG are closely related
1.
Our formulation generalizes easily to give a description of the Hecke algebra HG(V ) of weight V in
terms of the affine monoid VGˆ,λad+ρad , where V is a lattice in an irreducible algebraic representation
of G of highest weight λ. See Proposition 14 for the precise formulation. It follows from our
formulation that the ring of invariant functions on the Vinberg monoid specializes to all HG(V )’s.
Supported by the National Science Foundation under agreement Nos. DMS-1902239.
1However, as explained to me by Cass, the monoid appearing in his work is solvable and therefore cannot be
isomorphic to the one appearing in this note.
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1. The Satake isomorphism
1.1. The C-group. Let G be a connected reductive group over a field F . Let (Gˆ, Bˆ, Tˆ , eˆ) be a
pinned dual group of G over Z. There is a natural action of the Galois group ΓF of F on (Gˆ, Bˆ, Tˆ , eˆ),
induced by its action on the root datum of G. This action factors as ΓF  ΓF˜ /F
ξ
↪→ Aut(Gˆ, Bˆ, Tˆ , eˆ),
where Γ
F˜ /F
is the Galois group of a finite Galois extension F˜ /F .
Let 2ρ : Gm → Tˆ denote the cocharacter given by sum of positive coroots of Gˆ (with respect to
Bˆ), and 2ρad its projection to the adjoint torus Tˆad ⊂ Gˆad = Gˆ/ZGˆ of Gˆ. It admits a unique square
root ρad : Gm → Tˆad. Define an action of Gm on Gˆ by
Adρad : Gm
ρad→ Tˆad Ad→ Aut(Gˆ).
Note that Adρad still preserves (Bˆ, Tˆ ), but not eˆ. The two actions Adρad and ξ on Gˆ commute
with each other. Following the terminology of Buzzard-Gee [BG11], we define the C-group of G as
an affine reductive group scheme over Z as
CG := Gˆo (Gm × ΓF˜ /F ).
This group scheme appears naturally from the geometric Satake equivalence, as to be reviewed
in Theorem 16 below. Note that our definition is different from [BG11, Definition 5.3.2], but is
equivalent to it (see below). We may write
CG ∼= LGoGm ∼= GˆT o ΓF˜ /F ,
where LG := Gˆoξ ΓF˜ /F is the usual Langlands dual group, and where Gˆ
T := GˆoAdρad Gm, which
fits into the short exact sequence
(1.1) 1→ Gˆ→ GˆT dρad−−−→ Gm → 1.
Note that there is an isomorphism
(1.2) (Gˆ×Gm)/(2ρ× id)(µ2) ∼= GˆT , (g, t) 7→ (g2ρ(t)−1, t2),
and the left hand side is the more familiar form of Deligne’s modification of the Langlands dual
group (e.g. see [BG11, Proposition 5.3.3]).
Remark 1. We may regard GˆT as the dual group of a reductive group GT , which is a central
extension of G by Gm over F , and then regard CG ∼= LGT as the usual Langlands dual group of
GT . This is the definition given in [BG11, Definition 5.3.2].
We discuss a few examples.
Example 2. (1) If G = T is a torus, then Tˆ T = Tˆ ×Gm and CT = (Tˆ o ΓF˜ /F )×Gm.
(2) If G is an inner form of a split reductive group, then CG = GˆT . For example, if G = PGL2,
CG = GˆT = GL2 and dρad is the usual determinant map. In particular, Gˆ
T is not isomorphic
to Gˆ×Gm in general.
(3) However, if ρad lifts to a cocharacter ρ˜ ∈ X•(Tˆ ) (which does not necessarily satisfy 2ρ˜ = 2ρ),
then ρ˜ induces an isomorphism
(1.3) GˆT ' Gˆ×Gm, (g, t) 7→ (gρ˜(t), t).
For example, if G = GLn so Gˆ = GLn, we can choose ρ˜(t) = diag{tn−1, · · · , t, 1}; If
G = PGL2n+1 so Gˆ = SL2n+1, we can choose ρ˜(t) = diag{tn, tn−1, · · · , t−n}.
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(4) In general, even if ρad lifts to an element ρ˜ ∈ X•(Tˆ ), so GˆT ∼= Gˆ × Gm, CG may not
be isomorphic to LG × Gm, unless ρ˜ can be chosen to be ΓF˜ /F -invariant. For example, if
G = U2n is an even unitary group, associated to a quadratic extension F˜ /F , then Gˆ = GL2n,
and ξ : Γ
F˜ /F
= {1, c} → Aut(GL2n) is defined by ξ(c)(A) = J2n(AT )−1J−12n , where J2n is
the anti-diagonal matrix with (i, 2n+ 1− i)-entry (−1)i. In this case, GˆT is isomorphic to
Gˆ×Gm, but CG is not isomorphic to LG×Gm.
1.2. Affine monoids. We define an affine monoid scheme VGˆ,ρad equipped with a faithfully flat
monoid morphism
(1.4) dρad : VGˆ,ρad → A
1
which extends the homomorphism dρad : Gˆ
T → Gm from (1.1). It will be obtained as the pullback
of a universal monoid (called the Vinberg monoid) associated to Gˆ, whose definition we first briefly
recall following the approach in [XZ19, §2, §3]. Note that the discussions of loc. cit. are given over
a field. But as they work over any field, they actually work over the base Z.
We will use notations from [XZ19] with (Gˆ, Bˆ, Tˆ ) in place of (G,B, T ) in loc. cit.. We identify
X•(Tˆad) ⊂ X•(Tˆ ) with the root lattice inside the weight lattice. Let X•(Tˆad)pos be the submonoid
generated by simple roots {αˆ1, . . . , αˆr} of Gˆ with respect to (Bˆ, Tˆ ), let X•(Tˆ )? ⊂ X•(Tˆ ) for ? = +,−
be the submonoids of dominant and anti-dominant weights, and let X•(Tˆ )+pos ⊂ X•(Tˆ ) be the
submonoid generated by X•(Tˆad)pos and X•(Tˆ )+. Let
Tˆ+ad = SpecZ[X
•(Tˆad)pos],
which is an affine monoid containing Tˆad as the group of invertible elements. Note that every
dominant coweight λ : Gm → Tˆad of Gˆad can be extended to a monoid homomorphism
(1.5) λ+ : A1 → Tˆ+ad.
We equip X•(Tˆ ) with the usual partial order , i.e. λˆ1  λˆ2 if λˆ2 − λˆ1 ∈ X•(Tˆad)pos. For
νˆ ∈ X•(Tˆ ), let νˆ∗ := −w0(νˆ). Recall that the left and the right multiplication of Gˆ on itself induce
a natural (Gˆ× Gˆ)-module structure on Z[Gˆ], which admits a canonical multi-filtration
Z[Gˆ] =
∑
νˆ∈X•(Tˆ )+pos
filνˆ Z[Gˆ]
by (Gˆ× Gˆ)-submodules indexed by X•(Tˆ )+pos. Here filνˆ Z[Gˆ] denotes the saturated Z-module that
is maximal among all (Gˆ × Gˆ)-submodules V ⊂ Z[Gˆ] with the following property: for any pair
(µˆ, µˆ′) ∈ X•(Tˆ × Tˆ ), if the weight space V (µˆ, µˆ′) 6= 0, then µˆ  νˆ∗ and µˆ′  νˆ. One knows that
filν Z[Gˆ] is finite free over Z and that
grZ[Gˆ] =
⊕
νˆ∈X•(Tˆ )+
Sνˆ∗ ⊗ Sνˆ ,
where Sνˆ denotes the Schur module of highest weight νˆ (i.e. the induced Gˆ-module from the
character −νˆ of Bˆ). See [XZ19, §2,§3] for detailed discussions, including the definition of associated
graded of a multi-filtration. Now the Vinberg monoid VGˆ of Gˆ is defined as
VGˆ = SpecRX•(Tˆ )+posZ[Gˆ],
where RX•(Tˆ )+posZ[Gˆ] := ⊕νˆ∈X•(Tˆ )+pos filνˆ Z[Gˆ] denotes the Rees algebra associated to the above de-
fined multi-filtration. It is an affine monoid Z-scheme of finite type which admits a faithfully flat
monoid morphism d : VGˆ → Tˆ+ad such that
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• d−1(Tˆad) contains the group of invertible elements of VGˆ and is isomorphic to the quotient
of Gˆ × Tˆ by ZGˆ with respect to the diagonal action z · (g, t) = (gz, tz) (so in particular Gˆ
acts on VGˆ by left and right translations);
• d−1(0) ∼= AsGˆ as (Gˆ× Gˆ)-schemes, where
AsGˆ := Spec grZ[Gˆ]
is called the asymptotic cone of Gˆ.
In fact, the Vinberg monoid of Gˆ can be characterized as the unique affine monoid scheme M
equipped with a faithfully flat monoid morphism d : M → Tˆ+ad satisfying the above two properties.
Now, for a dominant coweight λ : Gm → Tˆad, let
(1.6) dλ : VGˆ,λ := A
1 ×λ+,Tˆad VG → A
1
be the pullback of of the homomorphism d : VGˆ → Tˆ+ad along the map λ+ from (1.5). The
homomorphism Gˆ × Gm id×2ρ−−−→ Gˆ × Tˆ induces a homomorphism GˆT → Gˆ ×Z(Gˆ) Tˆ by (1.2), and
therefore we obtain desired map (1.4) by setting λ = ρad in (1.6).
Note that VGˆ and Tˆ
+
ad are acted by ΓF˜ /F (induced by its action ξ) and the homomorphism
d : VGˆ → Tˆ+ad is ΓF˜ /F -equivariant. If λ : Gm → Tˆad is a dominant coweight fixed by ΓF˜ /F , the
monoid VGˆ,λ is also acted by ΓF˜ /F and the map dλ extends to a homomorphism
d˜λ : VGˆ,λ o ΓF˜ /F → A1 × ΓF˜ /F .
Note that ρad is ΓF˜ /F -invariant. It follows that there is a natural isomorphism
(1.7) d˜−1ρad(Gm × ΓF˜ /F ) ∼= CG.
1.3. Invariant theory. We fix a finite order automorphism σ of (Gˆ, Bˆ, Tˆ , eˆ) and a positive integer
q. We consider the σ-twisted conjugation action of Gˆ on VGˆ given by
cσ(g)(x) = gxσ(g)
−1, g ∈ Gˆ, x ∈ VGˆ.
Let λ : Gm → Tˆad be a dominant coweight. Then the conjugation action of Gˆ on VGˆo 〈σ〉 restricts
to an action on VGˆ|d=λ(q)σ. Then we have the isomorphism Z[VGˆ|d=λ(q)σ]Gˆ = Z[VGˆ|d=λ(q)]cσ(Gˆ).
Let VTˆ be the closure of Tˆ ×ZGˆ Tˆ ⊂ Gˆ ×ZGˆ Tˆ inside VGˆ. This is a commutative submonoid of
VGˆ. If we write the ring of regular functions of Tˆ ×ZGˆ Tˆ by
Z[Tˆ ×ZGˆ Tˆ ] =
⊕
(λˆ,νˆ)
Z(eλˆ1 ⊗ eνˆ2),
where the sum is taken over pairs of weights (λˆ, νˆ) of Tˆ such that νˆ + λˆ ∈ X•(Tˆad)2, and where
eλˆ1 ⊗ eνˆ2 denotes the corresponding regular function on Tˆ ×ZGˆ Tˆ , then the ring of regular functions
on VTˆ is the subring
Z[VTˆ ] =
⊕
(λˆ,νˆ),νˆ+λˆ−∈X•(Tˆad)pos
Z(eλˆ1 ⊗ eνˆ2),
where λˆ− ∈ X•(Tˆ )− denotes the anti-dominant weight in the Weyl group orbit of λˆ.
2In [XZ19] the condition reads as νˆ − λˆ ∈ X•(Tˆad). The sign convention here is more suitable for our purpose.
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For λˆ ∈ X•(Tˆ ), let eλˆ denote the corresponding regular function on Tˆ , and for λˆ ∈ X•(Tˆad)pos,
let e¯λˆ be the corresponding regular function on Tˆ+ad. The homomorphism d : VTˆ → Tˆ+ad is given by
the ring map Z[X•(Tˆad)pos]→ Z[VTˆ ] sending e¯λˆ to 1⊗ eλˆ2 , which admits a section s : Tˆ+ad → VTˆ
Z[VTˆ ]→ Z[X•(Tˆad)pos], eλˆ1 ⊗ eνˆ2 7→ e¯(νˆ+λˆ).
Note that s|Tˆad : Tˆad → Tˆ ×ZGˆ Tˆ is induced by the diagonal embedding Tˆ → Tˆ × Tˆ . We still denote
by s the composed section Tˆ+ad → VGˆ. Its restriction to Tˆad induces a section Tˆad → Gˆ×ZGˆ Tˆ , and
therefore an isomorphism Gˆ ×ZGˆ Tˆ ∼= Gˆ o Tˆad, whose pullback along ρad : Gm → Tˆad gives the
isomorphism (1.2).
There is a natural injective map i1 : Tˆ → Tˆ ×ZGˆ Tˆ → VTˆ , where the first map is the inclusion
into the first factor. Then we obtain a map (i1, s) : Tˆ × Tˆ+ad → VTˆ over Tˆ+ad, which induces the ring
map
Z[VTˆ ]→ Z[X•(Tˆ )]⊗ Z[X•(Tˆad)pos], eλˆ1 ⊗ eνˆ2 7→ eλˆ ⊗ e¯(νˆ+λˆ).
It in turn induces an injective map
(1.8) Z[VTˆ |d=λ(q)] ⊂ Z[X•(Tˆ )], eλˆ1 ⊗ eνˆ2 7→ q〈λ,νˆ+λˆ〉eλˆ.
Let W = NGˆ(Tˆ )/Tˆ be the Weyl group of (Gˆ, Tˆ ) and let W0 = W
σ be the subgroup of elements
fixed by σ, which naturally acts on X•(Tˆ )σ. Let Nˆ0 be the preimage of W0 in NGˆ(Tˆ ). The σ-
twisted conjugation cσ of Gˆ on VGˆ induces the σ-twisted action of Nˆ0 on VTˆ . Recall that there is
the Chevalley restriction isomorphism (see [XZ19, Proposition 4.2.3], which was denoted as Resσ+,1)
Res : Z[VGˆ]
cσ(Gˆ) ∼= Z[VTˆ ]cσ(Nˆ0),
compatible with the Z[X•(Tˆad)pos]-structure on both sides. The same argument as in [XZ19, Lemma
4.2.1] implies that the isomorphism Res induces isomorphisms
(1.9) Res : Z[VGˆ|d=λ(q)]cσ(Gˆ) ∼= Z[VGˆ]cσ(Gˆ) ⊗Z[X•(Tˆad)pos],e¯αˆi 7→q(λ,αˆi) Z
∼= Z[VTˆ ]cσ(Nˆ0) ⊗Z[X•(Tˆad)pos],e¯αˆi 7→q(λ,αˆi) Z ∼= Z[VTˆ |d=λ(q)]
cσ(Nˆ0).
Remark 3. The cσ-action of Nˆ0 on VTˆ |d=λ(q) induces an action of Nˆ0 on Z[VTˆ |d=λ(q)]. On the
other hand, the cσ-action of Nˆ0 on Tˆ induces an action of Nˆ0 on Z[X•(Tˆ )]. The inclusion (1.8) is
not equivariant with respect to these two actions. Indeed, the base change of (1.8) to Q becomes an
isomorphism, under which the action of Nˆ0 on Q[VTˆ |d=λ(q)] induces an action of W0 on Q[X•(Tˆ )σ]
given by
(1.10) w •λ eλˆ = q〈λ,wλˆ−λˆ〉ewλˆ, w ∈W0, λˆ ∈ X•(Tˆ )σ.
The following lemma follows from (1.8).
Lemma 4. The image of the map
(1.11) Z[VTˆ |d=λ(q)]cσ(Nˆ0) ⊂ Z[VTˆ |d=λ(q)]
(1.8)−−−→ Z[X•(Tˆ )]
is the subring of Z[X•(Tˆ )σ] with a Z-basis given by elements of the form∑
λˆ′∈W0λˆ
q〈λ,λˆ
′−λˆ〉eλˆ
′
, λˆ ∈ X•(Tˆ )σ,− := X•(Tˆ )σ ∩ X•(Tˆ )−.
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1.4. Classical Satake isomorphism over Z. Now, we assume that F is a non-archimedean local
field, with O its ring of integers and k ' Fq the residue field. Let G be a connected reductive group
over O. In this case, F˜ /F is an unramified extension and Γ
F˜ /F
∼= 〈σ〉 is generated by the geometric
q-Frobenius σ of k3. We also fix a uniformizer $ ∈ O. Then every λˆ ∈ X•(T )σ gives a well defined
point λˆ($) ∈ T (F ) ⊂ G(F ).
Let K = G(O), and let HG = Cc(K\G(F )/K,Z) be the space of compactly supported bi-K-
invariant Z-valued functions on G(F ). This is a natural algebra under convolution (with the chosen
Haar measure on G(F ) such that the volume of K is 1). Let T be the abstract Cartan of G, which
is defined as the quotient of a Borel subgroup B ⊂ G over O by its unipotent radical U ⊂ B. (But
T is canonically defined, independent of the choice of B, e.g. see [Zhu17b, 0.3.2]). For a choice of
Borel subgroup B ⊂ G over O, we define the classical Satake transform
(1.12) CTcl : HG → Z[X•(Tˆ )σ], f 7→ CTcl(f) =
∑
λˆ∈X•(Tˆ )σ
( ∑
u∈U(F )/U(O)
f(λˆ($)u)
)
eλˆ.
This map is independent of the choice of B and the uniformizer $.
Proposition 5. There exists a unique isomorphism
Satcl : Z[VGˆ,ρad o 〈σ〉|d˜ρad=(q,σ)]
Gˆ ∼=−→ HG,
which we call the Satake isomorphism, making the following diagram commutative
Z[VGˆ,ρad o 〈σ〉|d˜ρad=(q,σ)]
Gˆ
∼=
Satcl //
Res ∼=

HG
CTcl

Z[VTˆ |d=ρad(q)]cσ(Nˆ0) 
 (1.11) // Z[X•(Tˆ )σ].
In particular, HG is finitely generated.
Proof. The uniqueness is clear. To prove the existence, by Lemma 4, it is enough to show that the
Satake transform (1.12) induces an isomorphism
CTcl : HG
∼=−→ Z[X•(Tˆ )σ] ∩Q[X•(Tˆ σ]W0•ρad ,
where W0•ρad denotes the action given in (1.10) (with λ = ρad). Indeed, this follows from the usual
Satake isomorphism by noticing that (1.12) differs from the usual Satake transform (e.g. see [Gr96,
(3.4)] in the split case) by a square root of the modular character. 
Remark 6. The above isomorphism might look artificial as we identify both sides with a subring
of Z[X•(Tˆ )σ]. In the next section, we will deduce this isomorphism from the geometric Satake4.
This alternative approach has the advantage that it is more natural and is independent of the usual
Satake isomorphism, and is useful for some arithmetic applications.
Let us explain the relation of Satcl with the classical Satake isomorphism (e.g see [Gr96, Propo-
sition 3.6] in the split case) and the mod p Satake isomorphism as in [He11, HV15].
First by (1.7), (VGˆ,ρad |d˜ρad=(q,σ))Z[q−1]
∼= (CG|dρad=(q,σ))Z[q−1], so the above isomorphism induces
a canonical isomorphism
HG ⊗ Z[q−1] ∼= Z[q−1][CG|dρad=(q,σ)]
Gˆ.
3Using the arithmetic Frobenius will lead to a different formulation by taking the dual.
4In fact, this is how the formulation given here was first discovered.
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After choosing a square root q1/2, there is a Gˆ-equivariant isomorphism (comparing with (1.3))
CG|dρad=(q,σ) ∼= Gˆσ, (g, (q, σ)) ∈ Gˆo (Gm × 〈σ〉) 7→ g2ρ(q
− 1
2 )σ ∈ LG.
Note that the following diagram is commutative
Z[q±
1
2 ][CG|dρad=(q,σ)]Gˆ
∼= //
(1.11)◦Res

Z[q±
1
2 ][Gˆσ]Gˆ
Res

Z[q±
1
2 ][X•(Tˆ )σ]
eλˆ 7→(q− 12 )(2ρ,λˆ)eλˆ // Z[q±
1
2 ][X•(Tˆ )σ],
where the right vertical map is the restriction map from functions on Gˆσ to function on Tˆ σ. The
composition of (1.12) with the bottom map in the above diagram is the usual Satake transform.
We thus obtain the usual classical Satake isomorphism
HG ⊗ Z[q± 12 ] ∼= Z[q± 12 ][Gˆσ]Gˆ.
On the other hand, after mod p, (1.12) is the formula used in [He11, HV15] to define the mod p
Satake isomorphism. In addition, Fp[VGˆ|d=ρad(q)] = Fp[AsGˆ].
Corollary 7. There is a canonical isomorphism HG ⊗ Fp ∼= Fp[AsGˆ]cσ(Gˆ).
This gives a natural description of the mod p Hecke algebra by Langlands duality. Note that by
definition
Fp[AsGˆ]
cσ(Gˆ) =
⊕
ν∈X•(Tˆ )+
(Sν∗ ⊗ Sν)cσ(Gˆ) ∼= Fp[X•(T )σ,−].
Therefore, we recover the mod p Satake isomorphism [He11, HV15] (for trivial V in loc. cit.).
Example 8. Let G = PGL2, so that
CG = GˆT = GL2 and VGˆ,ρad = VGˆ = M2 is the monoid of 2×2-
matrices, and d = det : M2 → A1 is the usual determinant map. Then Z[M2|det=q]SL2 ∼= Z[tr] is the
polynomial ring generated by the trace function. On the other hand, HG = Z[Tp] is a polynomial
ring generated by the Tp-operator. Under the canonical Satake isomorphism Tp matches tr.
Remark 9. (1) Proposition 5 is compatible with the Weil restriction of G along unramified exten-
sions. We leave the verification as an exercise.
(2) As suggested by Bernstein, it is the C-group rather than the L-group that should be used
in the formulation of the Langlands functoriality. Similarly, we expect the Vinberg monoid of Gˆ
might be useful to formulate the more subtle arithmetic aspect of the Langlands functoriality.
1.5. Satake isomorphism for the Hecke algebra of weight V . We retain notations from §1.4.
Let Λ be a Z-algebra, and let (V, pi) be a Λ-module equipped with a Λ-linear action of K = G(O).
We first briefly recall the general formalism of Hecke algebra HG(V ) of “weight” V and the
Satake transform. We refer to [HV15] for a more general treatment in a more abstract setting.
First, we define
(1.13)
HG(V ) := {f : G(F )→ EndΛ(V ) | f(k′gk)(v) = k′(f(g)(kv)),∀k, k′ ∈ K, Supp(f) is compact},
with the ring structure given by convolution
(f1 ? f2)(g)(v) =
∑
h∈G/K
f1(h)(f2(h
−1g)(v)), g ∈ G(F ), v ∈ V.
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Example 10. Let G = T be a torus over O. Let Λ = OL, where L is a non-archimedean local
field over F . Let V be the rank one free module over Λ on which T (O) acts through a continuous
character χ : T (O)→ O×L . In this case, we write HT (V ) as HT (χ). There is an isomorphism
(1.14) HT (χ) ∼= OL[X•(Tˆ )σ], f 7→
∑
λˆ∈X•(T )σ
f(λˆ($))eλˆ.
If χ is non-trivial, this isomorphism depends on the choice of a uniformizer $ ∈ F .
Similar to (1.12), there is the Satake transform
(1.15) CTclV : HG(V )→ HT (V U(O)), f 7→
(
CTclV (f) : t ∈ T (F ) 7→
∑
u∈U(F )/U(O)
f(tu)|V U(O)
)
.
To justify the definition, note that the sum
∑
u∈U(F )/U(O) f(tu)|V U(O) is finite and that for v ∈
V U(O),
∑
u∈U(F )/U(O) f(tu)(v) ∈ V U(O). In addition, one verifies that (1.15) is a homomorphism,
either by a direct computation (e.g. see Step 2 in the proof of [He11, Theorem 1.2]), or by con-
sidering the action of HG(V ) on the “principal series representation of weight V ” (e.g. see [HV15,
Section 2]). By virtue of (1.14), (1.15) specializes to (1.12) when V = 1 is the trivial representation.
Remark 11. In most literature, V is assumed to be a smooth K-module, i.e. the stabilizer of every
element v ∈ V in K is open. But this assumption is in fact not necessary in the above discussions.
In the above generality, there is very little one can say about (1.15). In the sequel, we specialize
V to the following situation. Let L be a non-archimedean local field over F , with OL its ring of
integers. Let V be a finite free OL-module arising from an algebraic representation of G over OL,
such that V U(O) is free of rank one. This is the case if and only if dimL V ULL = 1. In this case,
T (O) = B(O)/U(O) acts on V U(O) via a dominant weight λ of T . It follows from (1.14) that
HT (V
U(O)) = HT (λ) is commutative.
Lemma 12. Under the above assumption, the map CTclV is injective.
Proof. The proof given below follows the same strategy in [ST06, He11, HV15]. First,
Lemma 13. Fix a uniformizer $ ∈ F . For every µˆ ∈ X•(Tˆ )σ,−, There is a unique element
fµˆ ∈ HG(V ) satisfying
• fµˆ is supported on Kµˆ($)K;
• fµˆ(µˆ($))|V U(O) = id : V U(O) → V U(O).
In addition, The collection {fµˆ}µˆ∈X•(Tˆ )σ,− form an OL-basis of HG(V ).
Proof. Clearly, restricting a map f : G(F ) → EndOL(V ) to µˆ($) induces a bijection between
elements in HG(V ) satisfying the first condition and OL-linear maps ϕ : V → V satisfying
(1.16) pi(µˆ($)kµˆ($)−1)ϕ(w) = ϕ(pi(k)w), ∀k ∈ K ∩ µˆ($)−1Kµˆ($), w ∈ V.
As K ∩ µˆ($)−1Kµˆ($) is Zariski dense in G(F ), the rational map ϕL : VL → VL must be equal to
cpi(µˆ($)) for some c ∈ L. Then ϕ preserves the integral lattice V if and only if c ∈ $〈λ,−µˆ〉OL.
It follows from the above considerations that fµˆ(µˆ($)) = $
〈λ,µˆ〉pi(µˆ($)) is the desired element
as in the lemma. In addition {fµˆ}µˆ∈X•(Tˆ )σ,− form an OL-basis of HG(K). 
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Note that the natural map HG(V )⊗ L→ HG(VL) is an isomorphism, and there is the following
commutative diagram
(1.17) HG(1)⊗ L
CTcl1 //

HT (1)⊗ L

HG(V )⊗ L
CTclV // HT (V
U(O))⊗ L
where the left vertical map sends f : G(F ) → L to f˜ : G(F ) → End(VL), g 7→ f(g)pi(g), and the
right vertical map sends f : T (F )→ L to f˜ : T (F )→ End(V ULL ) = L, t 7→ f(t)λ(t).
The left vertical map sends 1Kµˆ($)K to $
〈λ,µˆ〉fµˆ, and therefore is an isomorphism. Similarly, the
right vertical map is an isomorphism. As CTcl1 ⊗L is injective, we conclude Lemma 12 . 
In this sequel, we further assume that F = Qp, and choose the uniformizer $ = p. Then we
write the Satake transform (1.15) as a homomorphism CTclV : HG(V )→ OL[X•(Tˆ )σ] using (1.14).
For a dominant weight λ of G, let λad : Gm → Tˆ → Tˆad be the corresponding cocharacter of Tˆad.
Proposition 14. There exists a unique isomorphism
Satcl : OL[VGˆ|d=(λad+ρad)(p)]cσ(Gˆ)
∼=−→ HG(V ),
making the following diagram commutative
OL[VGˆ|d=(λad+ρad)(p)]cσ(Gˆ)
Res ∼=

∼=
Satcl // HG(V )
CTclV

OL[VTˆ |d=(λad+ρad)(p)]cσ(Nˆ0) 
 (1.11) // OL[X•(Tˆ )σ].
In particular, HG(V ) is finitely generated.
Proof. As in the proof of Proposition 5, it is enough to prove
CTclV : HG(V )
∼= OL[X•(Tˆ )σ] ∩ L[X•(Tˆ )σ]W0•λad+ρad .
But this follows from the case V = 1 and the commutative diagram (1.17). 
Remark 15. (1) It follows from (1.9) that the algebra OL[VGˆ]cσ(Gˆ) specializes all HG(V )’s.
(2) Taking the p-adic completion and inverting p allows us to recover some results of [ST06] on
the Banach-Hecke algebra ĤG(V )[1/p].
(3) Again, the way to identify HG(V ) with O[VGˆ|d=(λad+ρad)(p)]cσ(Gˆ) given above might look
artificial. It would be interesting to have a geometric version of Proposition 14.
2. Compatibility with the geometric Satake
In this section, we deduce Proposition 5 from the geometric Satake equivalence.
2.1. The geometric Satake equivalence. We refer to [Zhu17a, Zhu17b] and references cited
there for detailed discussions of the geometric Satake equivalence. We retain notations from §1.4.
Let F˜ /F be the splitting field of G. It is a finite unramified extension of F , with O˜ its ring of
integers and k˜ the residue field. Let r = [F˜ : F ] = [k˜ : k]. Let L+G denote the positive loop group
of G over k and let Gr denote its affine Grassmannian over k.
For µˆ ∈ X•(Tˆ )+, let kµˆ ⊂ k˜ be its field of definition and dµˆ := [kµˆ : k]. Let Gr≤µˆ denote the
Schubert variety corresponding to µˆ, which is a (perfect) projective scheme defined over kµˆ. Let
Grµˆ denote the open Schubert cell.
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We fix ` 6= p. Let ICµˆ be the intersection complex with Q`-coefficient on Gr≤µˆ, so that
ICµˆ |Grµˆ = Q`[〈2ρ, µˆ〉].
If k′/k is an algebraic extension in k¯, let SatG,k′,` denote the category of L+G ⊗ k′-equivariant
perverse sheaves on Gr⊗k′ with Q`-coefficients, which is a tensor abelian categories. Inside SatG,k˜,`,
there is a full semisimple monoidal abelian subcategory SatT
G,k˜,`
as defined in [Zhu17b]5: it is the
full semisimple tensor abelian category generated by all {ICµˆ(i), µˆ ∈ X•(T )+, i ∈ Z}. Now we
define SatTG,` as the category of Gal(k˜/k)-equivariant objects in Sat
T
G,k˜,`
. I.e., objects are pairs
(F , γ), where F ∈ SatG,k˜,` and γ : σ∗F ' F is an isomorphism such that the induced isomorphism
F = (σr)∗F γσ(γ)···σ
r−1(γ)−−−−−−−−−→ F is the identity map, and morphisms from (F , γ) to (F ′, γ′) are
morphisms from F to F ′ in SatT
G,k˜,`
that are compatible with γ and γ′. This is still a semisimple
tensor category.
For a (not necessarily connected) split reductive group H over a field E of characteristic zero,
let Rep(HE) denote the category of finite dimensional algebraic representations of H over E. Let
σ−ModQ` denote the category of representations of σ on finite dimensional Q`-vector spaces. Here
is the version of the geometric Satake equivalence we need in the sequel.
Theorem 16. There is a natural equivalence of tensor categories Sat : Rep(CGQ`)
∼= SatTG,` such
that the composition with the cohomology functor H∗(Grk¯,−) : SatTG,` → σ−ModQ` is the restriction
functor Rep(CGQ`)→ σ−ModQ` induced by the inclusion σ 7→ (1, q, σ) ∈ Gˆo (Gm × 〈σ〉).
Proof. If G is split (so CG = GˆT ), this was stated in [Zhu17b, Lemma 5.5.14]. So we obtain a
natural equivalence Rep(GˆTQ`)
∼= SatT
G,k˜,`
satisfying the desired properties as in the theorem with
σ replaced by σr. In addition, GˆT is equipped with a pinning (induced from the pinning of Gˆ as
described in [Zhu17b, Corollary 5.3.23]).
Now for (F , γ) ∈ SatTG,`, we have a canonical isomorphism H∗(Grk¯,F) ∼= H∗(Grk¯, σ∗F) ∼=
H∗(Grk¯,F). Using the formalism as in [RZ14, Lemma A.3] and an argument similar to [RZ14,
Proposition A.6] (see also [Zhu17b, Lemma 5.5.5] and the paragraphs before it), we see that the
above equivalence induces the pinned action of σ on GˆTQ` , and the desired equivalence. 
Remark 17. (1) Without adding the Gm factor, the Galois action of σ on Gˆ obtained by the
formalism [RZ14, Lemma A.3] does not preserve the pinning. The semidirect product of Γk with
Gˆ(Q`) using this action was denoted by LGgeom in loc. cit. (and later denoted by LGgeo in [Ri14,
§5] and in [Zhu17b, §5.5]). Theorem 16 is compatible with [Ri14, §5] (see also [Zhu17b, Theorem
5.5.12]), via restriction along the injective map LGgeo → CG(Q`).
(2) One of the consequences of the above theorem is as follows. For a σ-invariant dominant
weight µˆ, there is a unique (up to isomorphism) irreducible representation Vµˆ of
CGQ` such that
Vµˆ|Gˆ is irreducible of highest weight µˆ and that the action of Gm× 〈σ〉 on the lowest weight line of
Vµˆ (w.r.t. (Gˆ, Bˆ)) is trivial. Namely, under the geometric Satake, Vµˆ corresponds to ICµˆ equipped
with the natural Gal(k˜/k)-equivariant structure. Of course, this fact is well-known.
We will need the following properties of the geometric Satake equivalence.
First, let T be the abstract Cartan of G. We can define the Satake category SatTT,` as a sub-
category of perverse sheaves on GrT . For a choice a Borel subgroup B ⊂ G over O, we have the
correspondence GrT
r←− GrB i−→ GrG. Recall that for λˆ ∈ X•(Tˆ ), we have the point λˆ($) ∈ GrT (k˜).
5Strictly speaking, only equal characteristic version was considered in [Zhu17b]. However its counterpart in mixed
characteristic is obvious, using [Zhu17a]. The similar remark applies to the discussions in the sequel.
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Let GrB,λˆ = r
−1(λˆ($)) be the (geometrically) connected component of GrB given by λˆ. We write
rλˆ (resp. iλˆ) be the restriction of r (resp. i) to GrB,λˆ. Then we define the Mirkovic´-Vilonen’s
weight functor
CT : SatTG,` → SatTT,`, CT(F) =
⊕
λˆ
rλˆ,!i
∗
λˆ
F [(2ρ, λˆ)].
We note that CT(F) is a sheaf on GrT,k˜ naturally equipped with a Gal(k˜/k)-equivariant structure
so that the above definition makes sense. Then the the geometric Satake fits into the following
commutative diagram
(2.1) Rep(CGQ`)
Sat //
Res

SatTG,`
CT

Rep(CTQ`)
Sat // SatTT,`.
This follows from the usual compatibility between the geometric Satake and the restriction to the
maximal torus, with the Galois action taking into account.
For F ∈ SatTG,`, its Frobenius trace function
fF ∈ Cc(K\G(F )/K,Q`)
makes sense as usual. The next fact we need is a description of fSat(V ) for V ∈ CGQ` . For this
purpose, we need to recall the so-called Brylinski-Kostant filtration. Let {eˆ, 2ρ, fˆ} be the principal
sl2-triple of Gˆ containing eˆ ∈ LieBˆ and 2ρ ∈ X•(Tˆ ) ⊂ LieTˆ . For a representation V of Gˆ and
λˆ ∈ X•(Tˆ )−, we define the Brylinski-Kostant filtration on V (λˆ) as
FiV (λˆ) := ker(fˆ
i+1 : V → V ) ∩ V (λˆ).
Let grF• V (λˆ) denote its associated graded. Note that if λˆ is σ-invariant, then FiV (λˆ) is σ-stable
and therefore σ acts on grF• V (λˆ).
Proposition 18. Let V be a representation of CGQ`, and λˆ ∈ X•(Tˆ )σ,−. Then
fSat(V )(λˆ($)) = (−1)〈2ρ,λˆ〉tr((1, q, σ) | grFi V (λˆ))q−i.
Proof. This follows [Zhu15, §5], by taking into account of the Galois action. Note that the proof of
Lemma 5.8 of loc. cit. relies on the existence of “big open cell” of the affine Grassmannian, which
is not known in mixed characteristic. However, one can easily replace the purity argument in loc.
cit. by a parity argument, e.g. the argument in the middle of p. 452 of [Zhu17a]. 
Remark 19. Recall that for the representation V = Vµˆ of
CGQ` as in Remark 17, and for
λˆ ∈ X•(Tˆ )σ, Jantzen’s twisted character formula ([Ja73, Satz 9]) expresses tr((1, 1, σ) | Vµˆ(λˆ))
as the dimension of a representation of a reductive group Gˆσ whose weight lattice is X•(Tˆ )σ. It
would be very interesting to have its q-analogue, expressing
∑
i tr(σ | grFi Vµˆ(λˆ))q−i in terms of
representations of Gˆσ, which should, among other things, imply that tr(σ | grFi Vµˆ(λˆ)) ∈ Z≥0.
We do not have such a formula at the moment. The following lemma is sufficient for our purpose.
Lemma 20. Let Vµˆ be as above. Then for every λˆ ∈ X•(Tˆ )σ, tr(σ | grFi Vµˆ(λˆ)) ∈ Z.
Proof. We may assume that λˆ ∈ X•(T )σ,−. The root datum of G defines a reductive group G over
C equipped with a C-automorphism σ. Let GrG be its affine Grassmannian, acted by σ. We have
the geometric Satake for GrG, and the analogous statement of Proposition 18 in this setting is
tr(σ | grFi Vµˆ(λˆ)) = tr(σ | H−2i+〈2ρ,λˆ〉λˆ($) ICµˆ),
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where H−2i+〈2ρ,λˆ〉
λˆ($)
ICµˆ denotes the stalk cohomology of ICµˆ at λˆ($). Over C, the sheaf ICµˆ has a
natural Z-structure preserved by the action of σ ([MV07, Proposition 8.1]). The lemma follows. 
2.2. The representation ring. We generalize some well-known relations between the represen-
tation ring of a reductive group and its ring of invariant functions. Let E be a characteristic zero
field. Let Rep+(GˆTE) ⊂ Rep(GˆTE) denote the subcategory consisting of those objects on which all
weights of Gm ⊂ Gˆ oAdρad Gm = GˆT are ≥ 0. Let Rep(VGˆ,ρad,E) denote the category of finite
dimensional algebraic representations of VGˆ,ρad,E .
Lemma 21. The inclusion GˆT ⊂ VGˆ,ρad induces an equivalence of categories Rep
+(GˆTE)
∼= Rep(VGˆ,ρad,E).
Proof. First, under the inclusion Gˆ×ZGˆ Tˆ → VGˆ, an irreducible representation V of GˆE × TˆE can
be extended to a representation of VGˆ,E if and only if the following holds: if V |GˆE has the highest
weight µˆ, and V |TˆE has the weight νˆ, then νˆ+w0(µˆ) is a sum of nonnegative roots of Gˆ. Therefore,
an irreducible representation of (Gˆ × Gm)/(2ρ × id)(µ2) can be extended to a representation of
VGˆ,ρad if and only if the following two conditions hold:
(i) Gm acts on V by some weight n; and
(ii) If µˆ is the highest weight of V as a Gˆ-representation, then 〈2ρ, µˆ〉 ≤ n and (−1)〈2ρ,µˆ〉 =
(−1)n.
But under the isomorphism (1.2), this exactly corresponds to an object in Rep+(GˆTE). 
Now let σ be a finite order automorphism of (Gˆ, Bˆ, Tˆ , eˆ) as before. We let Repint(Gm×〈σ〉) denote
the full tensor subcategory of finite dimensional algebraic E-linear representations of Gm × 〈σ〉
consisting of W satisfying the following two properties
• all Gm-weights in W are ≥ 0;
• the trace of σ on each Gm-weight subspace of W is an integer.
This is equivalent to requiring that the trace of (q, σ) on W is an integer.
Let Repint(CGE) be the full tensor subcategory of Rep(
CGE) consisting of those representations
V such that for every σ-invariant weight λˆ of Tˆ and every i ≥ 0, the space grFi V (λˆ) as a represen-
tation of Gm × 〈σ〉 ⊂ Gˆ o (Gm × 〈σ〉) belongs to Repint(Gm × 〈σ〉). Note that the restriction of
such a representation to GˆT belongs to Rep+(GˆTE), and therefore we have the functor
Repint(CGE)→ Rep(VGˆ,ρad,E o 〈σ〉).
When σ is trivial, we have Repint(CGE) ∼= Rep+(GˆTE) ∼= Rep(VGˆ,ρad,E).
Lemma 22. There exists a unique homomorphism tr : K(Repint(CGE)) → Z[VGˆ,ρad |dρad=q]cσ(Gˆ)
making the following diagram commutative
(2.2) K(Repint(CGE))
tr //
K(Res)

Z[VGˆ,ρad |dρad=q]cσ(Gˆ)
(1.11)◦Res

K(Repint(CTE))
[V ] 7→∑λˆ∈X•(Tˆ )σ tr((q,σ)|V (λˆ))eλˆ // Z[X•(Tˆ )σ].
Proof. We define the map
tr : K(Repint(CGE))→ K(Rep(VGˆ,ρad,E o 〈σ〉)→ E[VGˆ,ρad |dρad=q]
cσ(G),
where the second arrow is induced by taking the trace of representations at elements in VGˆ|d=ρad(q)σ.
The diagram is clearly commutative when the right vertical map is tensored with E. To see that tr
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factors through Z[VGˆ,ρad |d=q]cσ(Gˆ), it is enough to note that Z[VGˆ,ρad |d=q]cσ(Gˆ) = E[VGˆ,ρad |d=q]cσ(Gˆ)∩
Z[X•(Tˆ )σ] inside E[X•(Tˆ )σ] which follows easily from Lemma 4. The uniqueness is clear as the
right vertical map is injective. 
Lemma 23. The homomorphism in Lemma 22 is surjective.
Proof. For a σ-invariant dominant weight µˆ, let Vµˆ be the unique (up to isomorphism) irreducible
representation of CGE as in Remark 17 (2). We claim that Vµˆ ∈ Repint(CGE). Then the lemma
follows from the explicit description of Z[VGˆ,ρad |dρad=q]cσ(Gˆ) inside Z[X•(Tˆ )σ], as in Lemma 4.
We need to show that tr((1, q, σ) | griF Vµˆ(λˆ)) ∈ Z for σ-invariant weight λˆ. Note that under the
map Gˆ×Gm → GˆT from the isomorphism (1.2), the second factor Gm acts on Vµˆ by a fixed weight
(namely 〈2ρ, µˆ〉). Therefore, (1, q) ∈ Gˆ o Gm = GˆT acts on Vµˆ(λˆ) by q〈ρad,λˆ−w0µˆ〉. Therefore, the
lemma follows by noticing that the trace of (1, 1, σ) on Vµˆ(λˆ) is an integer, by Lemma 20. 
2.3. From Sat to Satcl. Let SatT,intG,` be the full subcategory of Sat
T
G,` consisting of those F such
that fF ∈ HG, i.e. fF (λˆ($)) ∈ Z for every λˆ ∈ X•(Tˆ )σ. By Proposition 18, we have the following
statement.
Lemma 24. The geometric Satake induces an equivalence Repint(CGE) ∼= SatT,intG,` .
Lemma 25. Taking the trace Frobenius function induces a surjective ring homomorphism
tr : K(SatT,intG,` )→ HG.
Proof. For dominant µˆ ∈ X•(Tˆ )σ, by Proposition 18 and Lemma 23,
(2.3) fICµˆ = (−1)〈2ρ,µˆ〉1Kµˆ($)K +
∑
µˆ′<µˆ
aµˆµˆ′1Kµˆ′($)K , aµˆµˆ′ ∈ Z,
where 1Kµˆ′($)K denotes the characteristic function on Kµˆ
′($)K and “<” denotes the Bruhat order.
Then the lemma follows since these 1Kµˆ($)K ’s form a Z-basis of HG. 
Note that the Grothendieck-Lefschetz trace formula implies that
tr ◦K(CT) = CTcl ◦tr : K(SatT,intG,` )→ Z[X•(Tˆ )σ].
Together with (2.1) and (2.2), we obtain the following commutative diagram
K(Repint(CGQ`))
K(Sat) ∼=

tr // Z[VGˆ|d=ρad(q)]cσ(G)
Res // Z[VTˆ |d=ρad(q)]cσ(Nˆ0)
(1.11)

K(SatT,intG,` )
tr // HG
CTcl // Z[X•(Tˆ )σ].
Both trace maps tr in the above diagram are surjective, by Lemma 23 and 25. Therefore, we can
complete the diagram by adding an isomorphism Satcl in the middle column, as desired.
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